We study the relations between all the vacua of Lorentzian and Euclidean d = 4, 5, 6 SUGRAs with 8 supercharges, finding a new limiting procedure that takes us from the over-rotating near-horizon BMPV black hole to the Gödel spacetime. The timelike compactification of the maximally supersymmetric Gödel solution of N = 1, d = 5 SUGRA gives a maximally supersymmetric solution of pure Euclidean N = 2, d = 4 with flat space but non-trivial anti-selfdual vector field flux (flacuum) that, on the one hand, can be interpreted as an U (1) instanton on T 4 and that, on the other hand, coincides with the graviphoton background shown by Berkovits and Seiberg to produce the C-deformation introduced recently by Ooguri and Vafa. We construct flacuum solutions in other theories such as Euclidean type IIA supergravity.
Introduction
There has been much progress recently in the classification of supersymmetric vacua in d = 4, 5, 6 Lorentzian supergravities (SUGRAs) with eight supercharges [1, 2, 3, 4] and in the study of their relations via dimensional reduction and oxidation [5, 9] . The study of these theories and their supersymmetric vacua is interesting not just as warm-up exercise for the more complicated cases of interest in string theory but also because these theories arise in dimensional reductions of 10-dimensional superstring effective theories and the solutions found can be uplifted to full 11-or 10-dimensional M/string theory vacua still preserving a large amount of supersymmetry.
It is in this way that the supersymmetric Gödel spacetime solutions of M/string theory have been found: as a maximally supersymmetric vacuum of N = 1, d = 5 SUGRA which could be uplifted to 10 and 11 dimensions [2] . Many higher- [10] and also lower-dimensional [11] examples of supersymmetric supergravity solutions with a spacetime geometry similar to the original 4-dimensional cosmological solution by K. Gödel [12] (henceforth referred to as Gödel spacetimes) have been found after it was observed that Gödel spacetimes are Tduals of Hpp-wave spacetimes 3 . This fact has raised many questions about the consistency of string theory in such spacetimes which, being supersymmetric vacua on which (for instance) black holes can be placed [16, 17] and on which strings may be quantized [10, 18, 19] , have generically closed timelike curves (CTCs). This is one of the various pathologies of General Relativity that supersymmetry or string theory are supposed to cure, forbid or explain in a consistent way and a great deal of interesting work has been done in this direction [9, 20, 21, 22, 23] .
The supersymmetric vacua of M/string theory provide an interesting arena on which to study the general problems of quantization on curved spacetimes, due to the high degree of (super) symmetry they have, which, through the definition of conserved (super) charges and symmetry (super) algebra, gives a good control and understanding of the kinematics of the field theories defined on them. The fact that the aDS/CFT correspondence "works" is largely owed to the coincidence of the symmetry superalgebras of the theories involved.
The symmetry (super) algebras of the M/string theory vacua (and of the field theories defined on them) arise deformations of the symmetry (super) algebra of the original theory of which the vacua are classical solutions, which is in general the Poincaré or anti-De Sitter (super) algebra. This suggests that quantization on curved backgrounds can be, at least in some cases, equivalent to quantization using a deformation of the standard Heisenberg algebra. In other words: quantum field theories in non-trivial backgrounds can be equivalent to certain non-commutative field theories. An example of this more general relation has been provided recently by Berkovits and Seiberg [24, 8] who have found a background of Euclidean N = 2, d = 4 SUGRA whose symmetry superalgebra corresponds to the C-deformation introduced recently by Ooguri and Vafa [25] . We have rediscovered this background in our study of maximally supersymmetric vacua of d = 4, 5, 6 SUGRAs with 8 supercharges, in relation with the Gödel solution discussed above, as we are going to explain.
Our goal in this paper is to complete our knowledge of the relations between the maximally supersymmetric vacua of d = 4, 5, 6 SUGRAs with 8 supercharges, extending our previous work [5] to Euclidean SUGRAs which arise in timelike dimensional reductions (see Figure 1 ). Our main results are summarized in Figure 2 and include the identification of the above mentioned maximally supersymmetric graviphoton background of Euclidean N = 2, d = 4 SUGRA that cannot be obtained by Wick-rotating any known solution of the Lorentzian theory. This solution can be obtained by timelike dimensional reduction of the 5-dimensional maximally supersymmetric Gödel vacuum and has a flat Euclidean space geometry in presence of a non-trivial anti-selfdual 2-form flux which has suggested the name flacuum solution for it. Solutions of this kind are just as generic as those of Gödel type since they can be obtained by timelike compactifications of these and we study some examples and, in more detail, the 4-dimensional one which can also be interpreted as a U(1) instanton over a T 4 . The existence of these solutions is due to the fact that the Euclidean "energy-momentum" tensor (the variation of the matter Lagrangian with respect to the metric) is not positiveor negative-definite and can vanish for non-trivial fields 4 . This vanishing can be due to a cancellation between "energy-momentum" tensors of different fields (as in the case of the Einstein-frame D-instanton solution [26, 27] ) or to a cancellation between "electric" and "magnetic" components of a single field. In the case of a vector field in d = 4 Euclidean space, the "energy-momentum" tensor vanishes whenever the field strength is selfdual or anti-selfdual, as in the graviphoton background [24, 8] .
A standard procedure to construct Euclidean theories is to dimensionally reduce a Lorentzian theory in a timelike direction. This procedure avoids the difficulties of the Wick rotation of fermions and provides a mechanism to generate flacuum solutions from higher-dimensional Lorentzian solutions with metrics of the form
which is precisely the general form of the supersymmetric Gödel solutions studied in [10] . This observation will allow us to construct flacuum solutions in d = 10 dimensions. This paper is organized as follows: in Section 2 we summarize the dimensional reduction of standard (Lorentzian) 5 N = (1, 0),d = 6 SUGRA in an arbitrary spacelike or timelike direction and its truncation to pure Lorentzian or Euclidean N = 1, d = 5 SUGRA. In Section 3 we summarize the dimensional reduction of the Lorentzian and Euclidean N = 1,d = 5 SUGRAs obtained in the previous section in an arbitrary spacelike or timelike direction and its truncation to pure Lorentzian or Euclidean N = 2, d = 4 SUGRAs. The details of these reductions are explained in Appendix A, but the all the main formulae necessary for oxidation and reduction of solutions are contained in the first two sections. Observe that, as shown in Figure 1 , we obtain two different Euclidean N = 2, d = 4 SUGRAs. These two theories are related by an analytical continuation of the vector field. In the next two sections 4 and 5 we apply the results of the first two to maximally supersymmetric vacua of N = (1, 0), d = 6 SUGRA to find maximally supersymmetric vacua of pure Euclidean and Lorentzian N = 1, d = 5 and N = 2, d = 4 SUGRA. We only find one not previously known from the reduction of the Gödel solution, which coincides with the graviphoton background of Seiberg and Berkovits [24, 8] . This solution, with flat space and constant anti-selfdual field strength, has interesting properties that we study in detail. In Section 6 we study more general flacuum solutions in higher dimensions. Section 8 contains our conclusions. 2 Dimensional reduction of N = (1, 0), d = 6 SUGRA in the timelike direction N = (1, 0), d = 6 SUGRA 6 , the minimal 6-dimensional SUGRA, consists of the metriĉ eâμ, 2-form fieldB − µν with anti-self-dual field strengthĤ − = 3∂B − and positive-chirality symplectic Majorana-Weyl gravitino that can be described as a single, complex Dirac spinor satisfying a Weyl conditionψ + µ . The bosonic equations of motion can be derived from the actionŜ
N=1, d=5 (L)
imposing afterwards the anti-self-duality constraint ⋆Ĥ − = −Ĥ − . The gravitino supersymmetry transformation rule is (for zero fermions) 6 Our conventions are essentially those of [5] which are those of [28] with some changes in the normalizations of the fields. In particular, we use mostly minus signature and Latin (resp. Greek or underlined) letters for Lorentz (resp. curved) indices. Further,γ 7 =γ 0 · · ·γ 5 ,γ 2 7 = +1,ǫ 012345 = +1,
7 . Positive and negative chiralities are defined byγ 7ψ ± = ±ψ ± .
We use the notation
We can perform the dimensional reduction 7 of N = (1, 0),d = 6 SUGRA in one dimension can be performed simultaneously for the cases in which that dimension is timelike (η ♯♯ ≡ αd = +1) or spacelike (η ♯♯ ≡ αd = −1). The reduction gives N = 1, d = 5 SUGRA (the minimal 5-dimensional SUGRA) (metric e a µ , graviphoton V µ and symplecticMajorana gravitino that can be described as a single complex, unconstrained Dirac spinor ψ µ [29] ) coupled to a vector multiplet consisting of a gaugino λ (the 6th component of the 6-dimensional gravitino, a real scalar (the KK one k) and a vector field W µ . V µ and W µ are combinations of scalars, the KK vector field A µ and the vector field that comes from the 6-dimensional 2-form B µ . The identification of the right combinations is made by imposing consistency of the truncation to pure N = 1, d = 5 SUGRA 8 . The result can be stated as follows: any solution of N = (1, 0), d = 6 SUGRA satisfying the truncation constraintsĝ
can be consistently reduced in the direction x ♯ to a solution of pure (Lorentzian α 6 = −1 or Euclidean α 6 = +1) N = 1, d = 5 SUGRA whose bosonic action and gravitino supersymmetry transformation rule are given by
with the same supersymmetries and with the same Killing spinor. The 5-dimensional fields are related to the 6-dimensional ones by
Conversely, any solution of Lorentzian or Euclidean N = 1, d = 5 SUGRA can be uplifted to a solution of Lorentzian N = (1, 0),d = 6 SUGRA whose fields are given bŷ
(2.7)
7 In this section we use hats for 6-dimensional objects and no hats for 5-dimensional objects. In general we will use hats for higher-dimensional (d-dimensional) indices and no hats for d =d − 1-dimensional indices. The index corresponding to the dimension which is being reduced is ♯ which will be t in the timelike case or z spacelike case. Observe that, with our mostly minus convention we get a negativedefinite d-dimensional metric in the timelike case η ab =η ab = −δ ab . 8 The details of this dimensional reduction and truncation are explained in Appendix A. , graviphoton V µ and a pair gravitinos that can be combined into a complex Dirac spinor ψ µ ) coupled to a vector multiplet (a vector W µ , a pair of scalars k and l and a complex gaugino λ) [30] . As in the previous case, the matter vector field W µ is a combination of the scalars KK vector field and of the 5-dimensional vector that has to be identified studying the consistency of truncation in the action and supersymmetry transformation rules.
We can reduce simultaneously both the Euclidean (α 6 = +1) and Lorentzian (α 6 = −1) versions of N = 1,d = 5 SUGRA and, further, we can do it in timelike (α 5 = +1) and spacelike (α 5 = −1) directions in one shot 9 . The result will be a Euclidean theory when α 6 α 5 = −1 and a Lorentzian theory when α 6 α 5 = +1. The reduction, identification of W µ and consistent truncation of the vector multiplet are performed in detail in Appendix A and we obtain the following action and gravitino supersymmetry transformation rule
These expressions exhibit a curious dependence on α 6 that indicates that we get two different Euclidean theories depending on the order in which we have reduced in the spacelike and timelike directions: if we compactify first in a spacelike direction α 6 = −1 to Lorentzian N = 1, d = 5 SUGRA and then in a timelike direction to Euclidean N = 2, d = 4 SUGRA we get the same theory that we would obtain by Wick-rotating the Lorentzian theory considering the vector field V µ as a tensor. If we compactify first in a timelike direction α 6 = +1 to Euclidean N = 1, d = 5 SUGRA and then in a spacelike direction to Lorentzian N = 2, d = 4 SUGRA we get the same theory that we would obtain by Wick-rotating the Lorentzian theory considering V µ as a pseudotensor. These two Euclidean theories that we denote by N = 2 α 6 , d = 4 are then related by an analytical continuation of the vector field
This apparent contradiction in the results of the two compactifications in one timelike and one spacelike direction is related to the well-known fact that Wick rotations and Hodge duality (used in the reduction from d = 5 to d = 4) do not commute.
The detailed calculations and results of the appendix imply that any solution of Euclidean (α 6 = +1) or Lorentzian (α 6 = −1) N = 1,d = 5 SUGRA satisfying the truncation constraintsĝ
Only the case α 6 = α 5 = +1 is not possible, since we only have one time.
can be reduced, preserving all the unbroken supersymmetries, in the direction x ♯ to a solution of pure Euclidean or Lorentzian (α 5 α 6 = −1, +1) N = 2 α 6 , d = 4 SUGRA with metric and vector field given by
Conversely, any solution of pure Euclidean or Lorentzian N = 2 α 6 , d = 4 SUGRA can always be uplifted, preserving all unbroken supersymmetries, to a solution of Euclidean (α 6 = +1) or Lorentzian (α 6 = −1) N = 1,d = 5 SUGRA whose fields are related to the 4-dimensional ones byĝ
where A µ is defined in terms of V µ by
These are the essential formulae that we have to use for oxidation and reduction of solutions and generalize those obtained in the Lorentzian cases in [5] . 2. The 1-parameter family of Kowalski-Glikman (KG6) Hpp-wave solutions found in Ref. [31] .
3. The 1-parameter family of solutions with aDS 3 × S 3 geometry found in Ref. [32] as the near-horizon limit of the self-dual string solution.
From these three solutions, all the maximally supersymmetric vacua of Lorentzian N = 1, d = 5 SUGRA, classified in [1] can be found by dimensional reduction in a spacelike direction [5, 2, 3, 9] (see Figure 2 ). They are 1. Minkowski spacetime.
2. The 1-parameter family of Kowalski-Glikman KG5 Hpp-wave solutions solutions found in Ref. [31] .
3. The 1-parameter family of solutions with aDS 3 × S 2 geometry found in Ref.
[32] as near-horizon limit of the extreme string solution. It coincides with the near-horizon limit of the critically-rotating ( = 1) BMPV black hole [33] .
4. The 1-parameter family of solutions with aDS 2 × S 3 geometry found in Ref.
[34] as near-horizon limit of the extreme (non-rotating) black hole solution.
5. The 2-parameter family of N = 2, d = 5 solutions found in Ref. [35] as the nearhorizon limit of the supersymmetric rotating BMPV black hole solution.
6. The 1-parameter family of Gödel-like solutions found in [1] .
7. A 2-parameter family of solutions found in [1] that has just been identified as the over-rotating ( > 1) BMPV black holes [9] .
Now we want to find non-trivial maximally supersymmetric solutions of Euclidean N = 1, d = 5 SUGRA by dimensional reduction in a spacelike direction. As we are going to see, all of them can be obtained by Wick rotation of maximally supersymmetric vacua of Lorentzian N = 1, d = 5 SUGRA.
Let us consider the spacelike dimensional reductions of 4.1 The aDS 3 × S 3 vacuum aDS 3 can be seen as a spacelike U(1) fibration over aDS 2 with metric (for unit radius)
is the metric of aDS 2 with unit radius, just as the round S 3 can be seen as a Hopf U(1) fibration over S 2 with metric (for unit radius)
is the standard metric of S 2 with unit radius.
It is possible to perform spacelike dimensional reductions on linear combinations of these two fibers (i.e. of the coordinates η and ψ), obtaining the near-horizon limit of the extreme rotating BMPV black hole [5] (see Figure 2) . The metrics of all these 5-dimensional solutions are U(1) fibrations over aDS 2 × S 2 , the U(1) fiber being orthogonal to the one we have reduced over.
It is also possible to see aDS 3 as a timelike U(1) fibration over the hyperbolic plane H 2 with metric (for unit radius)
where
is the standard metric of the hyperbolic plane of unit radius. We can perform further spacelike and also timelike dimensional reductions on linear combinations of these two fibers. The spacelike reductions give the near-horizon limit of the extreme over-rotating BMPV black hole [9] and here we are going to see that the timelike reductions give their analytical continuations to Euclidean signature. The maximally supersymmetric solution with aDS 3 × S 3 geometry is given by
where ω aDS 3 and ω (3) are the volume forms of the unit radius aDS 3 and S 3 metrics written above. Using the timelike U(1) fibration Eq. (4.5) we find that a convenient gauge for the 2-form potential isB
Rescaling t and ψ by 2/R 3 and boosting the metric in the direction ψ
the solution takes the form
where A (t,ψ) are the 1-forms
The truncation constraints Eqs. (2.3) are satisfied for x ♯ = t ′ and x ♯ = ψ ′ and, thus, we can dimensionally reduce this solution to a maximally supersymmetric solution of Euclidean or Lorentzian N = 1, d = 5 SUGRA. In the spacelike case we get
which is the near-horizon limit of the extreme critically rotating and over-rotating BMPV black hole [9] .  = coshξ is the rotation parameter. The critically rotating case has  = 1, i.e. sinhξ = 0 and the fibration takes place only over the hyperbolic plane, giving aDS 3 . The total metric describes the solution aDS 3 × S 2 . For any other value of ξ,  > 1, and we are in the over-rotating case.
In the timelike case, we get
(4.13)
These two solutions are related by a Wick rotation t → iψ V → iV which has to be accompanied of ξ → ξ − iπ/2 to make V real again. The Euclidean solution can also be obtained by a Wick rotation t → iψ V → iV from the near-horizon limit of the extreme BMPV black hole accompanied of ξ → iξ to make V real again.
On the other hand, these solutions can be seen, respectively, as a timelike R or spacelike U(1) fibration over H 2 × S 2 . Let us now consider the timelike dimensional reductions of
The KG6 Hpp-wave vacuum
As shown in [5] , the KG6 solution can be conveniently written substituting g uu completely by a Sagnac connection 1-form ω = λ(x 1 dx 2 − x 3 dx 4 ) whose main property is that dω is anti-selfdual in the 4-dimensional Euclidean space spanned by 14) and, using u = (t + z)/sqrt2, we can rewrite it in the form 15) that shows that the truncation constraints Eqs. (2.3) are satisfied for x ♯ = t and x ♯ = z and, thus, we can dimensionally reduce this solution to maximally supersymmetric solutions of Euclidean or Lorentzian N = 1, d = 5 SUGRA. The spacelike dimensional reduction gives the Gödel solution 16) and the timelike reduction gives its Euclidean version
that can be obtained by Wick-rotating t → iz, V → iV plus λ → −iλ to make V real. These two solutions can also be seen as timelike R or spacelike U(1) fibrations over the 4-dimensional flat Euclidean space. No more timelike dimensional reductions satisfying the truncation constraints seem to be possible, and, thus, we do not expect any more maximally supersymmetric solutions of Euclidean N = 1, d = 5 SUGRA. The only Lorentzian solutions that satisfy the truncation constraints for timelike reduction seem to be Minkowski spacetime, the near-horizon (NH) limit of the critically rotating and over-rotating BMPV black holes (BH) Eq. (4.12) and the Gödel solution Eq. (4.16).
The only Euclidean solutions that satisfy the analogous truncation constraints are the Euclidean NH limit of the rotating BMPV BH 11 Eq. (4.13) and the Euclidean Gödel solution Eq. (4.17) Let us study the non-trivial cases.
NH limits of the extreme critically rotating and over-rotating BMPV BHs
Using the formulae of Section 3 on the solution Eq. (4.12) we immediately get a maximally supersymmetric solution of Euclidean
which is the Wick-rotated (φ = −it) version of the well-known dyonic Robinson-Bertotti solution [7] . Observe that, in order to have a real Euclidean solution, the Lorentzian electric-magnetic rotation angle has also been Wick-rotated ξ → iξ.
The Euclidean NH limits of extreme rotating BMPV BHs
Using the formulae of Section 3 on the solution Eq. (4.13) we immediately get a maximally supersymmetric solution of Euclidean
This solution is related to the Euclidean dyonic Robinson-Bertotti solution by analytical continuation of the vector field V → iV together with ξ → ξ − iπ/2. 
The Euclidean and Lorentzian Gödel solutions and the flacuum solution
The triviality of the metric in presence of non-trivial matter fields is surprising at first sight, but it is not the first example of non-trivial Euclidean SUGRA solution with flat spacetime: the Einstein-frame D-instanton metric [27] (and that of its 4-dimensional analogue [26] ) is also flat. In all these cases, the Euclidean version of the energy-momentum tensor vanishes identically, but for different reasons. In the D-instanton case the dilaton and RR 0-form energy-momentum tensors cancel each other on-shell. In the present case, anti-selfduality of the vector field strength makes the energy-momentum tensor vanish identically. This can be easily seen using Eq. (A.28) which tells us that, actually, the Euclidean version of energy-momentum tensor for any (anti-) selfdual Abelian or non-Abelian vector field vanishes identically and, thus, decouples from the metric 12 . This implies that solutions such as the BPST instanton [37] are not just solutions of the Euclidean YangMills equations on S 4 with the standard metric, but they are also solutions of the full supergravity equations, provided that the metric satisfies the vacuum Einstein equations. We will discuss this and similar solutions in the next section.
The above solution is guaranteed to be maximally supersymmetric in both Euclidean N = 2 ± , d = 4 SUGRA. It is worth studying how the Killing spinors integrability conditions are satisfied. They take the form
In the case at hand the first term vanishes identically because the space is flat, the second because of the anti-selfduality of the vector field strength and the third and fourth because the field strength is covariantly constant (constant in Cartesian coordinates).
(Anti-) selfduality implies flatness and, then, covariant constancy determines a unique solution (up to SO(4) rotations). Suppressing this last requirement allows for more solutions 14 which would only preserve a half of the supersymmetries. This solution preserves all supersymmetries and the Killing spinors depend on all coordinates:
where ǫ 0 is a constant spinor and x ≡ x µ γ µ . Using the anti-selfduality of F , we can rewrite the exponent in this form 6) where (γ ♯ ) 2 = 1 in this case. This implies that ( F x) 2 = 0 and, thus, the Killing spinors can be written in the form
If we split our complex Dirac spinors into chiral halves, we see that the positive chirality Killing spinor is simply constant, as in empty Euclidean space, and the negative chirality Killing spinor has a x-dependent deformation with respect to that of empty Euclidean space which induces a deformation of the supersymmetry algebra [24, 8] that affects only to negative-chirality objects. Using the methods of [38] and the notation of [39, 40] , and using 4-component complex (Dirac) spinors, we find the following non-vanishing (anti-) commutators
The bosonic generators P (a) of this algebra are associated to the translational Killing vectors ∂ a . The bosonic generator M is a Lorentz (SO(4)) rotation 
and on vectors through the vector representation
This superalgebra is a deformation of the standard Poincaré N = 2, d = 4 superalgebra. This is a common property of all the maximally supersymmetric vacua of N = 2, d = 4 SUGRA. However, this deformation is particularly interesting because the bosonic translations algebra is not modified and, actually, only the anticommutator of the negative chirality part of the supercharge is deformed and this deformation induces a deformation of the anticommutator of the fermionic superspace coordinates of negative chirality [24, 8] .
The relation between the flacuum and Gödel solutions (whose Killing spinors are, according to our results, absolutely identical) implies a relation between their superalgebras which is important to understand. The only difference between them is the occurrence in the Gödel superalgebra of the bosonic generator P (0) associated to time translations in the anticommutator of the supercharges and, more importantly, in the commutator of the generators associated to space translations P (a) . If we write the Gödel solution Eq. (4.16) in the gauge in which the 1-form ω takes the form
we find the Killing vectors
associated, respectively, to the generators of time and space translations P (0) and P (a) and to the rotation M. The non-vanishing (anti-) commutators of the Gödel superalgebra are F ab x b to leave the metric invariant. This deformation is interesting because is suggests that string theory quantized in the Gödel background will give a non-commutative theory in which, instead of modifying the commutator of positions, it is the commutator of momenta which are deformed as above. Supersymmetry requires a corresponding modification of the anticommutator f the supercharges as in the flacuum solution.
In the dimensional reduction to the flacuum solution the generator P (0) becomes a central charge that generates gauge transformations of the Kaluza-Klein vector field. Actually, it is easy to check that space translations only leave the vector field of the flacuum solution up to gauge transformations with gauge parameter 1 2 F ab x b . In this sense, the flacuum superalgebra is not complete and one should add P (0) s as in the Gödel superalgebra. However, if we are considering only t-independent 5-dimensional configurations which correspond to solutions with zero P (0) charge, the difference is immaterial. In N = 2, d = 4 SUGRA there are no charged perturbative states in N = 2, d = 4 SUGRA, but non-perturbative states that would be associated to 5-dimensional KK modes with non-trivial time dependence are charged with respect to P (0) and would feel the non-commutativity of the momenta.
The flacuum solution as an Abelian instanton
Another interesting aspect of the flacuum solution is its possible interpretation as an instanton. This is only possible if the space is compactified into a T 4 to make the action integral finite. This is, also, a base space on which the U(1) gauge group can be nontrivially fibered. Euclidean Yang-Mills solutions on T 4 have been thoroughly studied in the literature 16 and we are simply going to apply the known results to the present case. 16 See, for instance the pedagogical review [41] whose notation we will loosely follow. In particular we use the period vectors (â) c ≡ δ (a) c l (a) , where summation is not to be made over indices within parenthesis.
To compactify the solution on T 4 we take the quotient of R 4 by the Z 4 Abelian group of discrete translations along the four coordinates x a with periods l a . The vector field of our solution, which we rewrite for convenience in a new gauge
is not strictly periodic on T 4 : when we move around the a-th period from x to x +â it changes by a gauge transformation
where Λ a (x) are the U(1) parameters, defined modulo 2π. Consistency requires that V (x+ a +b) = V (x +b +â), that is 16) which in our case implies
for two integers n, m that label the possible non-trivial bundles, the topological number being given by their product nm. The Euclidean action of these SUGRA solutions is, therefore, in our conventions
Let us consider now taking the quotient on the spinor bundle, which requires making the identifications
consistently. These transformations are not SO(4) rotations but are still elements of the bigger holonomy group of the supercovariant derivative of N = 2, d = 4 SUGRA, which, by arguments similar to those in [42, 43] can be shown to be SL(4, R), and, in this sense, from this more general point of view, they should be admissible. On the other hand, the consistency of these identifications is ensured by the fact that the above transformations are indeed a representation of the commutative Z 4 group of discrete translations: the generators of translations in the x a directions, P (a) are represented on the spinors by the mutually commuting operators Γ s (P (a) ) given in Eq. (5.9).
The consistency of this construction has interesting implications: the compactness of the gauge group (U(1) instead of R), reflected by the periodicity of the gauge parameters Λ a (x) implies the compactness of thed = 5 time coordinate. All the vacua of N = 1,d = 5 SUGRA (except the KG5 Hpp-wave) seem to be non-trivial spacelike or timelike fibrations over 4-dimensional Euclidean space or over H 2 × S 2 . In this respect, it is remarkable that the only solutions that can be reduced consistently in the timelike direction (preserving all supersymmetries) have closed timelike curves or (in the  = 1 closed lightlike curves. 
(Anti-) selfdual vacua in Euclidean SUGRA
It is not difficult to construct generalizations of the flacuum solution. Let us consider a (p + 1) form potential A (p+1) with field strength F (p+2) = dA (p+1) coupled to d-dimensional gravity:
The Einstein equation is
where the energy-momentum tensor is given by
or, equivalently, by the more useful expression
We are interested in solutions with vanishing energy-momentum tensor. A necessary condition for the energy-momentum tensor to vanish is that its trace does. Using (6.3) we find that
which vanishes when F 2 (p+2) = 0 or when p + 2 = d/2. For non-trivial potentials, the first case is only possible in Lorentzian signature, but we know that the Lorentzian energymomentum tensor only vanishes for vanishing field strengths. Thus, a vanishing energymomentum tensor is only possible in Euclidean signature for d = 2(p + 2) and, using (6.4), it requires Unfortunately, these simple Ansätze for flacuum solutions do not work in presence of scalars such as the string dilaton that couple to F 2 (p+2) . Still, since the sign of the Euclidean "kinetic" terms and energy-momentum tensors is not uniquely defined 17 , it is possible that the energy-momentum tensors and their contributions to the source for the dilaton of two fields cancel each other. Examples of these solutions are provided by the dimensional reduction in the time direction of the supersymmetric Gödel solutions of N = 1, d = 11 SUGRA found in [10] . These solutions take the form
where the ω i s are 1-forms defined by 8) and where the constants c i and a ij (with a ii = 0) have to satisfy the following two conditions:
where the η ijklm symbol is one is all its indices take different values and zero otherwise. It is convenient to label the solutions of this family by the two vectors of constants a 13 , a 14 , a 15 , a 23 , a 24 , a 25 , a 34 , a 35 , a 45 ) .
(6.10)
The supersymmetry of some explicit Gödel solutions was studied in [10] and some examples are given in the table 1
λ ( It is clear that the timelike reduction of any of these Gödel spacetimes gives a flacuum solutions of Euclidean type IIA SUGRA with flat metric and RR 4-form and 1-form given by
It is important to understand how the vanishing of the energy-momentum tensor takes place and why the dilaton is constant in this case. The action of the Euclidean type II SUGRA obtained by dimensional reduction from standard, Lorentzian 11-dimensional SUGRA is given by
This action differs from the type IIA action by the occurrences of α 11 's, the definition of the various field-strengths staying the same 18 . Observe that, to obtain this bosonic action by a standard Wick rotation one has to consider both the RR 1-form and the NSNS 2-form pseudotensors.
The RR 1-and 3-form kinetic terms G (2) 2 and G (4) 2 have opposite signs when α 11 = +1 and the dilaton does not couple directly to them in the string frame, but only through the 18 Our conventions here are the same as in Ref. [44] .
Ricci scalar. Thus, the exact cancellation between the respective "energy-momentum" tensors which makes the metric flat is enough to render the dilaton constant.
To end this section, let us observe that the BPST instanton [37] also provides an example of flacuum solution since its energy-momentum tensor is identically zero because of the (anti-) selfduality of its field strength on the round S 4 . Thus, it is a solution of the Euclidean Einstein-Yang-Mills theory with positive cosmological constant proportional to the square inverse radius of the sphere. The embedding of this solution in a supergravity theory is more problematic because a DS-type gauged SUGRA would have to be used. It should be possible to uplift the solution to Euclidean purely gravitational d = 7 solution with the S 7 metric [45] 6.1 pp-waves, lightlike reductions and flacuum solutions
The fact that the N = 2, d = 4 flacuum solution originates in a timelike and spacelike dimensional reduction of the KG6 Hpp wave suggests that there must exist a relation between this kind of solutions and pp-waves. pp-wave metrics can always be put in the form
where all the functions in the metric are independent of v. K or A i can be removed by coordinate transformations that preserve the above form of the metric, but we will keep both. Furthermore, we are going to assume independence on the second light-cone coordinate u The components of thed-dimensional Ricci tensor arê F 2 . This is similar to the result of a Kaluza-Klein reduction, except for the fact that neither the scalar nor the vector field contribute to the Euclidean "energy-momentum" tensor 19 as in flacuum solutions. Actually, the flacuum solution can be embedded in a purely gravitationald = 6 pp-wave with K ∼ λ| x 4 | 2 . Another wide class of similar solutions is given by
19 Since either of them can be removed by reparametrizations, only one of them may contribute.
It is possible to perform dimensional reductions in one lightlike dimension [46] , but it does not very useful as the resulting theories have singular metric. The above observation suggests that lightlike reductions should be made in the two light-cone coordinates to give a Euclideand−2-dimensional theory that has essentially a metric an a vector field constrained to have vanishing energy-momentum tensor and to satisfy the constraint F 2 = 4∇ 2 K for some scalar K. In d = 4 it is possible to define Euclidean theories in which the selfdual or anti-selfdual parts of the spin connection are the only variables. It might be possible to construct a theory in which only the selfdual or anti-selfdual part of F occurs and we can speculate that this kind of theory is the one associated to lightlike dimensional reductions.
Limiting Solutions
Apart from the dimensional reduction from the KG6 solution, there is another way of obtaining the Gödel solution through a limiting procedure which is very similar to the Penrose-Güven limit [47, 48] that relates aDS n × S m supergravity vacua to KowalskiGlikman-type Hpp-wave solutions and in general any supergravity solution to a plane wave solution with equal or larger number of isometries and supersymmetries [49, 50] .
Let us consider the NH limit of the extreme over-rotating BMPV BH Eq. (4.12). Its ξ → 0 limit is well defined and gives the vacuum with aDS 3 ×S 2 geometry. The naive limit ξ → ∞ is singular, though, but can be made regular by using the following observation: under the field rescalings
the action of N = 1, d = 5 SUGRA Eq. (2.4) scales homogeneously S → ε −3 S. Then, we can combine this rescaling that transforms solutions into solutions with the reparametrization χ → εχ , θ → εθ , t → εt + R 3 /2(cosh ξφ − sinh ξϕ) , (7.2) and the gauge transformation of the vector field
3) and take the double limit ξ → ∞, ε → 0, whilst keeping the product ε sinh ξ = 1. The result is the solution 4) which is the Gödel solution Eq. (4.16) in polar coordinates with λ = 1/R 3 . In this limit the number of supersymmetries and symmetries has been preserved. Observe that the gravitino supersymmetry rule Eq. (2.5) δ ǫ ψ µ is invariant under the above field rescalings. Actually, the arguments of [49, 50] for the Penrose-Güven limit apply equally to this kind of limit.
In the remaining of this section we are going to apply it to two cases: the 
Boosted Hopf oxidation of aDS
It is well known that S 5 can be seen as an S 1 fibration over CP 2 . In [51] , it was observed that the aDS 2n+1 spacetimes can also be seen as a timelike S 1 fibration over a non-compact version of CP n , which the authors called CP n . This construction was, then, used to derive solution in the Euclidean IIA theory via timelike T-duality. The relation of the NH limit of the extreme BMPV BH solutions to the N = (1, 0), d = 6 vacuum aDS 3 × S 3 , however, shows that in general we before performing dimensional reduction or a T-duality transformation one can mix the S 1 fibers of the sphere and the aDS spacetime by a rotation, if both fibers are spacelike, or by a boost if one is spacelike and the other is timelike.
In the case of aDS 5 × S 5 the only mixing that we can do is a boost on the timelike fiber in the aDS 5 and the spacelike fiber for the S 5 . After the boost, we have basically 2 options: T-dualize over the new timelike direction, obtaining a generalization of the solutions discussed in [51] , or T-dualize over the new spacelike direction, which will lead to a solution similar to the NH limit of the extreme over-rotating BMPV BH, and that will contain the aDS 5 × CP 2 × R solution as a special limit. Let us write the aDS 5 × S 5 solution as
where we have introduced (i, j = 1, 2) the metrics
ω CP 2 and ω CP 2 being their corresponding volume 4-forms. Boosting on the (t, y)-plane, with boost parameter β, T-dualizing over y and lifting the solution up to M-theory, we find the solution
(7.7)
Now we can take the β → ∞ limit using the fact that the action for the bosonic fields of M-theory scales homogeneously under the field rescalings
We perform the above rescaling and a change of coordinates 9) and now take the double limit β → ∞ ε → 0 with sinh βε = 1. It is readily seen that the limiting solution is the n = 4 Gödel spacetime that preserves 20 supersymmetries [10] .
Conclusions
In this paper we have explored the relations between maximally supersymmetric vacua of d = 4, 5, 6 Euclidean and Lorentzian SUGRA theories with 8 supercharges and we have found that the maximally supersymmetric graviphoton background of [24, 8] which we have called flacuum solution is related to the maximally supersymmetric Gödel solution by timelike dimensional reduction, a situation that can be generalized to higher-dimensional Gödel solutions of M-theory, for instance, and higher-dimensional flacuum solutions, of Euclidean type II theory, for instance. We have studied other instances in which Euclidean solutions with vanishing energymomentum tensor appear, as in the ("double") lightlike dimensional reduction.
Apart from the relations between solutions via spacelike and timelike dimensional reduction and oxidation we have found a limiting procedure similar in may respects to the well-known Penrose-Güven limiting procedure that, instead of giving plane-wave spacetimes gives, at least in the examples considered, Gödel solutions.
The main interest in flacuum solutions, for the moment, seems to be due to the fact that their superalgebras are small deformations of the superalgebra that "defines" the SUGRA theory in question. All the maximally supersymmetric vacua if a given SUGRA have, in fact, a symmetry superalgebra that can be seen as a deformation of the SUGRA superalgebra in which some central charges are activated and these, together with some momenta, are given non-trivial commutation relations between them and with the supercharges. These new non-vanishing commutators and the central charges vanish for some value of the deformation parameter.
For instance, the (Lorentzian) N = 2, d = 4 Poincaré superalgebra is given by the only on-vanishing anticommutator (in a Majorana basis)
where Q and P are the central charges. All the bosonic charges commute. Now, let us consider different maximally supersymmetric vacua of this theory. Minkowski spacetime has the same superalgebra, with vanishing central charges. The superalgebra of the RobinsonBertotti solution (aDS 2 × S 2 ) has the same anticommutator but, now, the six bosonic charges generate an SO(2, 1) × SO(3) Lie algebra
that become again Abelian when the aDS 2 and S 2 radius R 2 goes to infinity. The commutators of the supercharges and these bosonic generators also become nontrivial and have a similar behavior.
Another examples is provided by the KG4 Hpp-wave solution [6] . The supercharges of its symmetry superalgebra also have the same anticommutator as above, but now the six bosonic charges generate the Heisenberg algebra with non-vanishing commutators
that also becomes Abelian in the λ → 0 limit. The maximally supersymmetric aDS n ×S m vacua of 11-and 10-dimensional supergravities can also be seen as deformations of the Poincaré superalgebra and the same is valid for Hpp-wave backgrounds.
It is natural to expect that quantum theories defined in these backgrounds satisfy some non-commutative generalization of the Heisenberg algebra.
A The detailed dimensional reductions
The dimensional reduction of the Einstein-Hilbert term is identical in the two cases N = (1, 0),d = 6 and N = 1,d = 5 SUGRA. Further, in both the timelike and spacelike cases we can make the Ansatz
where A a = e a µ A µ . All d-dimensional fields with Lorentz indices will be assumed to have been contracted with the d-dimensional Vielbeins. This Ansatz gives the following non-vanishing components of the Ricci rotation coefficientŝ
and of the the spin connectionωâbĉ
αdkF ab ,
(which we will also denote by F (A) in presence of other vector fields) is the KK vector field strength. The standard procedure gives the KK-frame action
The sign of the Maxwell term in the timelike case is unconventional because we would get the opposite sign by Wick-rotating the standard Lorentzian Maxwell action. However, it cannot be deemed as "wrong" since there is no propagation, no concepts of motion or energy in Euclidean space. On the other hand, if we Wick-rotated a pseudovector field we would get precisely the above sign.
In the reduction of the action of N = (1, 0),d = 6 SUGRA Eq. (2.1) to d = 5 we have to take into account the anti-selfduality constraint, which can be imposed on the action after dimensional reduction, just as in the reduction of N = 2B, d = 10 supergravity on a circle [44] . Thus, we first perform the naive dimensional reduction of Eq. (2.1). We can use our previous results for the reduction of the Einstein-Hilbert term and we only need to reduce the 2-form kinetic term. The reduction ofĤ − gives a 3-and a 2-form field strengths
The anti-selfduality constraint becomes
We immediately get
As in Ref. [44] , we Poincaré-dualize the 2-form into a third vector field C µ and then we identify it with B µ in the action, that is left with the metric and the unconstrained vector fields A µ and B µ and takes the form
The truncation to pure supergravity involves setting to zero the scalar k = 1 consistently, i.e. in such a way that its equation of motion is always satisfied. The k equation of motion with k = 1 (upon use of Einstein's equation) implies the constraint
We also have to set to zero the gaugino λ and the matter vector field W µ , which must be a combination of A µ and B µ related to λ by supersymmetry. Thus, to identify W µ , we have to analyze the reduction and truncation of the gravitino supersymmetry transformation rule Eq. (2.2).
The 6-and 5-dimensional gamma matrices are related bŷ 12) where the γ a s Lorentzian or Euclidean 5-dimensional gamma matrices satisfying γ 0 · · · γ 4 = I and γ 1 · · · γ 5 = iI.
Using this relation, the decompositions of the spin connection and 3-form field strength, the anti-selfduality constraint Eq. (A.8), the chirality ofǫ + and assuming that the supersymmetry parameterǫ + is independent of x ♯ and setting k = 1, we find 
This, in turn, implies that the combination of vector field strengths in the r.h.s. is proportional to F (W ) (for k = 1). The field strengths of V and W must be an SO(2) rotation of those of A and B to preserve the canonical normalization and diagonal form of the kinetic terms in the action. The right combination is that in which λ only transforms into W and not into V :
(A.14)
Setting W µ = 0 (to make consistent λ = 0) implies the constraint which also solves the first 20 . This implies that the matter vector field that we denote by W µ is proportional to the combination √ 3F (B) − ⋆ F (B) or to its Hodge dual, at least for the k = 1, l = 0 case. The orthogonal combination will be the field strength of the supergravity vector that we will denote by V µ .
To fully identify the supergravity and matter vector field strengths we have to check the consistency of the truncation from the supersymmetric point of view, that is, in the gravitino supersymmetry transformation rule Eq. (2.5) (adding hats everywhere). Assuming that the supersymmetry parameterǫ is independent of the internal coordinate so it can be identified with the 4-dimensional one ǫ we get and setting from now on k = 1 and l = 0 20 Observe that we have ( ⋆ F ) 2 = −α 6 α 5 F 2 and ⋆⋆ F = −α 6 α 5 F because α 5 α 6 = +1 corresponds to Lorentzian signature and α 5 α 6 = −1 to Euclidean signature. and using these identities we can rewrite the gravitino supersymmetry transformation rule as follows:
−α 5 α 6 ⋆ F (A) + where T µν , the energy-momentum tensor of a vector field in four Euclidean or Lorentzian dimensions, is usually written in the form 27) but can be rewritten in the more useful form
This still leaves some ambiguities in the identification of the supergravity vector field, but they are irrelevant when W = 0 and lead to a unique relation Now we can eliminate consistently the gaugino λ, the matter vector field W µ and scalars k and l, getting the bosonic action 21 and gravitino supersymmetry transformation rule which are given in Eq. (3.1).
